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The  Extreme  Points  of  the  Set  of  Decreasing 
Failure  Rate  Distributions 

by 

Naftali  A.  Langberg,  Ramon  V.  Leon, 

James  Lynch  and  Frank  Proschan 

ABSTRACT. 

Since  the  class  of  extended  decreasing  failure  rate  (EDFR)  life  distri¬ 
butions  (i.e.,  distributions  with  support  in  [0,»])  is  compact  and  convex, 
it  follows  from  Cnoquet's  Theorem  that  every  EDFR  life  distribution  can  be 
represented  as  a  mixture  of  extreme  points  of  the  EDFR  class.  We  identify 
the  extreme  points  of  this  class  and  of  the  standard  class  of  decreasing 
failure  rate  (DFR)  life  distributions.  Further,  we  show  that  even  though 
the  convex  class  of  DFR  life  distributions  is  not  conpact,  every  DFR  life 
distribution  can  be  represented  as  a  mixture  of  extreme  points  of  the  DFR 
class. 
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The  class  of  decreasing  failure  rate  (DPR)  distributions  plays  an 
important  role  in  the  theory  and  application  of  reliability,  biometry,  and 
other  fields  of  statistics.  (See,  e.g.,  Barlow  and  Proscnan,  1975,  Cnaps. 

3  and  4,  and  ProscJian,  19633. 

Such  distributions  govern  the  lifelengtns  of  systems  which  do  not 
age  adversely  over  time  in  the  sense  that  the  conditional  survival  proba¬ 
bility  given  tne  age  of  the  system  is  an  increasing  function  of  the  age. 

For  example,  DFk  distributions  ^ovaxu  the  lifelengths  (i)  of  metals  sub¬ 
ject  to  "work-hardening",  (ii)  of  many  solid  state  components,  (iii)  of 
businesses,  (iv)  of  mixtures  of  exponential  distributions,  etc.  . 

Tiie  DPR  class  is  convex,  as  is  the  class  of  extended  decreasing  failure 
rate  distributions  (EDFR)  which  contains  distributions  placing  mass  at 
This  latter  class  is  also  compact  in  the  topology  of  weak  convergence  of 
probability  measures.  (See  Section  2.) 

From  the  .Crei:i-Milman  Theorem  and  Choquet's  Theorem,  we  know  that  the 
basic  building  blocks  of  convex  compact  sets  are  their  extreme  points.  In 
particular,  it  follows  from  Choquet's  Theorem,  stated  in  Section  2,  that 
the  set  of  extreme  points  is  the  smallest  set  of  bDFR  distributions  with 
the  property  that  every  bUFR  distribution  may  be  represented  as  a  mixture 
of  its  elements. 

The  main  purpose  of  this  paper  is  to  identify  the  extreme  points  of 
the  EDFR  class  (Section  3).  Tney  are  those  EDFR  distributions  having 
failure  rate  functions  whose  derivatives  are  close  to  zero  in  an  appropiate 
sense.  More  specifically,  an  EDFR  distribution  F  is  not  an  extreme  point  of 
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tne  EOFR  class  if  and  only  if  (i)  0  <  F(0)  <  1,  (ii)  0  <  F(«>)  <  1,  or 
(iii)  the  denivative  of  the  failure  rate  function  is  a.e.  uniformly 
bounded  away  from  0  in  some  interval  (see  Theorem  3.1). 

Since  the  DFR  class  is  an  extremal  subset  of  the  EDFR  class,  it 
follows  that  a  distribution  F  is  an  extreme  point  of  the  DFR  class  if  and 
only  if  F  is  an  extreme  point  of  the  EOFR  class  and  it  places  no  mass  at 
•>.  Thus  tne  extreme  points  of  the  DFR  class  are  also  identified  (see 
Corolligry  4.2). 

In  Theorem  4.5  we  show  tnat  even  though  the  convex  class  of  DFR 
distributions  is  not  contact,  the  set  of  extreme  points  of  this  class  is 
the  smallest  set  of  DFR  distributions  with  the  property  that  every  OFK 
distribution  may  be  represented  as  a  mixture  of  its  elements. 
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2,  Preliiainaries . 

Let  F  be  an  extended  life  distribution;  i.e.,  F  is  a  distribution 
function  possibJLy  placing  mass  at  <»  such  that  F(O-)  »  0.  When  an  extended 
life  distribution  places  no  mass  at  it  is  simply  called  a  life  distri¬ 
bution.  The  function  F  =  1  -  F  is  called  the  survival  probability,  and 
=  -  fn  F  is  called  the  hazard  function.  If  Rp  is  absolutely  continuous 
on  every  closed  interval  contained  in  then  any  measurable  function 

Tp  almost  everywnere  (a.e.)  equal  to  R^,  the  derivative  of  Rp,  is  called 
a  failure  rate  function.  (Throughout,  measureable  means  Borel  measureable 
and  all  measures  are  Borel  measures).  When  F  has  a  density  f,  tae  failure 
rate  function  rp  »  f/F  a.e.  .  When  the  distribution  F  is  clearly  under¬ 
stood,  the  subscript  f  will  be  suppressed. 

Definition  2.1.  Let  F  be  an  extended  life  distribution.  Then  F  is 
said  to  be  an  extended  decreasing  failure  rate  (EDFR)  distribution  if  R 
is  concave  on  (0,«>).  If  an  EDFR  distribution  is  a  life  distribution,  it 
is  simply  called  a  decreasing  failure  rate  (DFR)  distribution. 

The  set  of  EDFR  distributions  will  be  denoted  by  V.  An  EDFR  distri¬ 
bution  F  can  have  no  jump  on  (O,*)  since  R  is  concave  on  (O,*),  but  can 
have  a  jump  at  0.  Also,  notice  that  we  consider  6^,  the  distribution 
degenerate  at  0,  to  be  an  EDFR  distribution.  The  hazard  function  of  an 
EDFR  distribution  other  than  6^  is  finite  and  concave  on  (0,<»).  Conse¬ 
quently  it  is  absolutely  continuous  on  every  closed  interval  of  (0,<»)  and 
has  a  right  ..«riva;;ivi;  which  exists  everywhere  on  (0,*).  In  the  remainder 
of  this  paper  the  failure  rate  function  of  an  EDFR  distribution  other  than 
6^  is  always  taken  to  be  this  right  i  .rivv.civi  and  is,  therefore,  a  de- 
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creasing  function  on  (0,«)  with  a.e.  less  than  or  equal  to 

zero.  For  convenience  we  shall  define  r  to  be  identically  zero  when  F  ■  6^. 

Lot  L  denote  tne  class  of  extended  life  distributions,  and  a(L) 
denote  the  smallest  a  -  field  of  subsets  of  L  such  tliat  the  map  F — >F(t) 
from  1  into  [0,1]  is  a(L]  -  measurable  for  all  t  e  [0,<«>]. 

Definition  2.2.  An  extended  life  distribution  F  is  a  mixture  of 
elements  in  a  set  S  c  L  if  S  e  o(L)  and  there  is  a  probability  measure  Up 
defined  on  o(L)  such  tnat 

(3.1)  Mp(S)  =  1 

and 

F(t)  a  /G(t)vp(dG)  for  all  t  e  [0,»]. 

Wrien  (3.1)  holds,  y  is  said  to  have  support  S. 

Remark  2.3.  It  can  be  shown  that  a(L)  is  the  Borel  a  -  field  of  L, 
when  L  is  given  the  topology  of  weak  convergence  of  probability  measures. 

In  particular,  Up  i  a  Borel  measure. 

We  recall  that  an  element  x  of  a  convex  set  K  is  an  extreme  point  of 
K  if  X  a  py  +  (l-p)z  with  y,  z,  e  K  and  p  e  (0,1)  iiiq>lies  that  y  ■  z  *  x. 

We  need  Choquet's  Theorem,  stated  below,  to  show  that  every  EDFR  life 
distribution  can  be  represented  as  a  mixture  of  extreme  points  of  the 
EDFR  class. 

Choquet's  Theorem  (Phelps,  1966,  pp.  19-20).  Let  K  be  a  metrizable, 

compact,  convex  subset  of  a  locally  convex  space  X.  Let  x^  e  K.  Then  there 

is  a  probability  measure  y  supported  by  the  extreme  points  of  K  such  that 

*0 

L(x_)  a  /L(x)y  (dx) 

U  Xq 
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for  all  continuous  linear  functionals  L  defined  on  X. 

In  this  paper  we  take  X  to  be  the  space  of  finite  signed 

measures  on  [0,<»],  with  the  topology  of  weak  convergence,  and  K  to  be  17. 

It  is  well  known  that  with  the  above  topology,  M[0,<<>J  is  locally 
convex  and  V  is  metrizable,  a  convenient  metric  being  the  Levy  metric.  An 
argument  using  Helly's  Compactness  Theorem  and  the  fact  that  pointwise 
limits  of  concave  functions  are  concave  shows  that  V  is  compact.  Tne  con¬ 
vexity  of  0  follows  since  the  family  of  positive  log-convex  functions  is 
closed  under  addition  and  multiplication  (see  Roberts  and  Varberg,  1973, 
Section  13). 

To  see  that  every  EUFR  can  be  represented  as  a  mixture  of  extreme 
points  of  P,  we  notice  that  L;M[0,*]  — >  R  defined  by  L(v)  =  Jf(x)v(dx)  is 
a  continuous  linear  functional  on  M[0,*]  for  each  f  e  C[0,*].  Hence  the 
conclusion  of  Choquet's  Theorem  implies  that  for  every  EDFR  distribution  F 
there  exists  a  probability  measure,  Wp,  supported  by  the  extreme  points  of 
P  such  that  /f(x)F(dx)  =  /C/f  (x)G(dx)3up(dG)  for  all  f  c  CCO,*].  Since 
Cro,<»]  is  a  separating  class  of  functions  (see  Breiman,  1968,  p.  165}  we 
have  that  F(t)  =  /G(t)Wp(dG)  for  all  t  e  CO,*].  Equivalently,  by  Remark  2.3, 
every  EDFR  distribution  is  a  mixture  of  extreme  points  of  P.  Furtner,  by 
the  definition  of  extreme  point,  we  see  that  the  set  of  extreme  points  of 
P  is  the  smallest  set  of  EDFR  distributions  with  the  property  that  every 
EDFR  may  be  represented  as  a  mixture  of  its  elements. 

We  identify  the  extreme  points  of  P  in  the  next  section. 


ilMitMMiiilllilriil 
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3.  The  Extreme  Points  of  the  EDFR  Class. 

In  this  section  we  identify  E,  the  set  of  extreme  points  of  V.  In 
essence,  we  show  that  an  EDFR  distribution  F  is  not  an  extreme  point  of 
J  if  and  only  if  either  (i)  0  <  F(0)  <  1,  (ii)  0  <  F(*)  <  1,  or  (iii)r', 
the  derivative  of  the  failure  rate  function,  is  a.e.  uniformly  bounded  away 
from  0  in  some  interval.  More  precisely,  we  show  the  following  theorem. 

Theorem  3.1.  The  EDFR  distribution  F  is  an  extreme  point  of  the  set 
of  EDFR  distributions  if  and  only  if  either  (i)  F  is  degenerate  at  0,  or 
at  •,  or  (ii)  F(0)  =  0,  F(<»-)  =  1,  and  {t:  r' (t)  exists,  a  ^  t  s  b,  and 
r' (t)  >  -  fi)  has  nonzero  Lebesgue  measure  for  all  0  <  a  <  b  and  6  >  0. 

Let  6  denote  the  distribution  degenerate  at  ». 

Remark  3.2.  The  degree  of  smoothness  of  r  for  F  e  E  characterizes 
certain  types  of  extreme  points.  For  example,  let  F  c  E\{6^,6^}.  Then  (i) 
r'  is  continuous  if  and  only  if  F  is  an  exponential  distribution,  and  (ii) 
r'  has  a  countable  number  of  isolated  discontinuities  if  and  only  if  F  is 
piecewise  exponential,  that  is,  R  is  piecewise  linear.  We  remark  that  the 
EDFR  piecewise  exponentials  are  dense  in  V.  This  example  therefore  shows  that 
E  is  a  dense  subset  of  P. 

Two  other  types  of  interesting  life  distributions  which  are  extreme 
points  of  V  are  given  below.  These  life  distributions  are  extreme  points  of 
0  since  their  failure  rates  are  decreasing  functions  with  derivatives  almost 
everywhere  equal  to  0.  Notice  tnat  the  failure  rate  function  in  (iii) 
below  is  discontinuous  in  a  countable  dense  subset  of  C0,<»)  while  the  fail¬ 
ure  rate  function  in  (iv)  below  is  continuous  everywhere  on  [0,<»). 
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(iii)  Let  be  a  countable  dense  subset  of  [0,»)  and 

00 

{b. }.  ,  be  a  sequence  of  positive  numbers  such  that  Zb.  <  »  and 

^  -/'rCu)da 

Za  b.  =  For  t  ^  0,  let  r(t)  =  Zb.  I.  Then  F(t)  =  1  -  e 

3  J  J  la^2:t> 

is  an  extreme  point  of  V  since  r*  =  0  a.e.  on  L0,“),  F'O)  =  0,  and  F(<«>-)  =  1. 

(iv)  Let  r(t)  be  positive,  decreasing,  continuous,  and  singular  (with 
respect  to  Lc'  osgue  measure).  Further  assume  that  /*r(u)du  =  ».  Then 
r'  =  0  a.e.  on  CO,®),  F(0)  =  0,  and  F(<x>-)  =  1.  Consequently, 

-/oi‘(u)du 

F(t)  ®  1  -  e  an  extreme  point  of  P. 

In  proving  Theorem  3.1,  ve  use  tne  following  notation.  For  each 
F  e  P  let  Ep  =  {t:  r^  exists  at  t}.  Denote  the  Lehesgue  measure  by  m.  Let 
0  H  {F  €  P\{6^,6^}:  m(t  e  Ep:  a  s  t  s  b  and  r' (t)  >  -  6)  >  0  for  all 
0  <  a  <  b  and  all  6  >  0}.  Let  =  {FsL:  F(0)=0  and  F(®-)=1},  i.e.,  C  is 
the  class  of  life  distributions  which  place  no  mass  at  0. 

In  this  notation,  Tneorem  3.1  is  equivalent  to 

(3.1)  E  =  (OnC)  u  (6  ,6  }. 

o 

We  prove  (3.1)  by  showing  (i)  E  c  0  u  {6  ,6  }  (Lemma  3.3),  (ii)  E  c  C  u  (6  ,6  } 

o  o 

^earaa  3,  ),  and  (iii)  E  =  (0  n  C)  u  (6  ,6  }  (Lemma  3.5). 

o  ® 

Lemma  3.5,  E  c  0  u  {6  ,6  } 

■  o  ^ 

Proof.  It  is  ’.’.O'.;,;,  ro  .suo ;  tjiac  if  f  6  P  and  F  4  P  u  (6., 6  }.  then  F  4  E. 

—  Q  00 

To  prove  f  4  E,  it  suffices  to  show  that  there  exist  F^  and  e  V  such  that 
(Fj+F2)/2  «  F. 

Let  F  €  P  and  F  4  0  u  Then  there  exists  an  interval  Ca,b3, 

(0<a<b),  and  a  value  6  >  0  such  that  r' (t)  <  -  6  a.e.  on  Ca,b].  Without 
loss  of  generality,  we  may  assume  that  r  is  continuous  at  a  and  b.  For  each 

i 
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postitive  integer  n,  let  be  ■  ^x-a)^(b-x)^  for  a  :s  x  ^  b  and  0 

otherwise. 

Choose  n  so  that  sup  t  <  Zn  2.  Let  R,  =  R  -  £  and  let 

n  n  1  n 

^R^  HR*  where  c(x)  -  -ln(2-e*)  for  x  <  In  2.  We  show  that  for 

n  sufficiently  large,  say  n  ■  n^,  =  l-exp{j^  R^^}  (1«1,2)  are  two  different 

o 

well-defined  EOFR  distributions  such  that  (F^-»F2)/2  >  F. 

Since  R  is  concave  on  it  follows  that  r  and  r'  exist  a.e.  on 

to.")-  Further  a.e.  on  C0,«) ,  we  have  that 

n«l  ■  '  - 

n“2  ■  '  ♦ 

.  r'  -  tjj.  and 


Since  r'(t)  <  6  a.e.  on  [a,b3,  fron  the  continuity  of  c'  and  c",  it 

follows  that  for  n  sufficiently  large,  say  n  «  n^,  Rj^Ct)  <  -  6/2  a.e.  on 

o 

Ca,b3(i«l,2) .  Thus,  writing  Rj^  for  ^  R.(i»l,2),  we  have  that  R.  is  strictly 

o 

concave  on  Ca,b].  We  notice  that  R  and  R^  and  also  their  derivatives  agree 

off  (a,b).  Thus  R^  is  an  increasing  function  on  [0,<>>),  is  concave  on  (0,<»), 

-Ri 

and  satisfies  R^("-)  =  It  follows  that  F^  =  1  -  e  (i<=l,2)  are  two 
different  well-defined  EOFR  distributions. 

We  show  that  (F^-»’F2)/2  -  F.  By  the  definitions  of  c,  R^,  and  R2,  we 
see  that 

(R-R  ) 

R2  ■  R  -  fn  (2-e  ). 


Hence 


-R. 


-R 

e  '*(2-e 


Ri) 


)  “  2e 


•R 


-Ra 


-  e 


F 


e-'^. 


-R. 


(• 


♦  e 


)/2 


(Fj*F2)/2.  11 


Thus 
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Lemma  3.4.  EcCu{6,6}. 

Proof.  Let  F  e  C  Then  either  (i)  F  (0)  »  a,  where 

0  <  o  <  1,  or  (ii)  F(“)  <•  6,  where  0  <  S  <  1.  Assume  (i)  holds.  Then 

i  -  o  ilpcoj)-  •'l  =  ®o  '^2  =  fScIf 

•ir"  -  utijns,  F  ^  E.  A  similar  argument  shows  F  i  E  when  case  (ii)  holds.  || 
Lemma  3.5.  (0  n  C)  u  ^  E. 

Proof.  Let  F  c  (0  n  C)  u  (6  .6,}.  We  show  that  F  e  E.  If  F  «  5  or 
-  o  *  o 

6^,  then  clearly  F  c  E.  Assume  then  that  F  e  0  n  C.  Since  V  is  convex,  it 
suffices  to  prove  that 

(3.2)  F  .  (Fj+F2)/2  with  F^,  F2  e  P 
iiq>lies  that 

(3.3)  •'l  =  *^2  ” 

Thus  assume  (3.2)  holds.  We  show  (3.3)  follows. 

For  the  distribution  F.  (isl,2),  let  r.  be  the  failure  rate  function  and 
be  the  hazard  function.  Let  t  €  M  s  {t:  rj  and  exist  at  t}.  Since 
m(f^)  »  0  and  F  c  0,  it  follows  from  the  definition  of  0  that  for  each 
positive  integer  n, 

m((:t,t*n"^]  n  M  n  (t:  r'>-n"^})  >  0. 

Hence  we  may  choose  a  sequence  (t^)  c  M  such  that  t  t  and  r  •  ft  1  0 

n  n  n' 

as  n  •>  •.  By  a  subsequence  argument  we  may  also  assume  that  the  sequences 

limits  (possibly  infinite).  Now  reversing 
the  steps  in  the  last  paragraph  of  the  proof  of  Lemma  3.3  we  can  show  that 
(R2"'^)(V  *'^**’®  =  -ln(2-e*)  for  x  <  In  2.  Differ- 
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entiating  twice  and  taking  limits,  we  get 

(3.4)  Urn  T^(tj^)  -  -c'((R-Rj)(t))-(lim  r^(tj^) 

♦  c"(CR-Rj)(t))*(r(t)-rj(t))^ 

since  r'(t^)  0  and  t^  -►  t  as  n  “  and  R,  R^ ,  r,  and  are  continuous  at  t. 

Now  for  X  <  In  2,  c'(x)  =  e*/(2-e*)  >  0  and  c”(x)  «  2e*/{2-e*)^  >  0. 
Hence,  using  the  fact  that  lim  rj(t^)  s  0,  we  see  that  the  expression  on  the 
right  of  (3.4)  is  nonnegative.  Since  the  term  on  the  left  of  (3.4)  is  non¬ 
positive,  it  follows  that  the  expression  on  the  right  of  (3.4)  is  equal  to  0. 
We  conclude  that  r(t)  =  rj(t)  for  t  c  M.  Reversing  the  roles  of  R^  and  R^ 
above,  we  get  r(t)  »  r2(t)  for  t  c  M.  Thus 

(3.5)  r  ■  a.e.  on  [0,»). 

Now  F(0)  *  0  implies  that  Fj(0)  »  F2(0)  »  F(0)  and,  consequently,  that 
R(0)  »  Rj(0)  *>  R2(0).  It  follows  by  (3.5)  that  R  ■  R^  »  R2  or,  equivalently, 
that  F  »  Fj  *  F2.  11 
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4.  Convex  Hxtremal  Subsets  of  P. 

In  this  section  we  identify  the  extreme  points  of  two  convex  sub¬ 
classes  of  V,  namely,  (i)  Vp,  the  class  of  (proper)  UFR  distrilutions 
(Corollary  4.2),  and  (ii)  n  {FeP.Tp  is  continuous  on  (0,*))  (Corollary 
4.3).  In  addition  in  Theorem  4.5,  we  show  that  every  DFR  life  distribu¬ 
tion  can  be  represented  as  i  mixture  of  the  extreme  points  of  Vp. 

To  identify  the  extreme  points  of  Vp  and  V^  we  need  Lemma  3.1  below 
concerning  extremal  subsets.  Recall  that  a  subset  K'  of  a  convex  set  K 
is  an  extremal  subset  of  K  if  x  «  py  >  (1-p)  z  with  y,  z  e  K  and  p  c  (0,1) 
implies  that  y  and  z  are  in  K'. 

Let  ext  K  denote  the  set  of  extreme  points  of  K. 

Lemma  4.1.  Let  K'  be  a  convex  exTemal  subset  of  a  convex  set  K.  Thci. 

ext  K*  3  K'  n  ext  K. 

Ke  emit  the  olomeutary  proof  of  this  lenmia. 

Froo  Lemmu  4.1  it  follows  that  to  identify  the  extreme  points  of  Vp 
and  V^  is  is  only  necessary  to  show  that  these  classes  are  convex  extremal 
svbsncs  of  1^. 

Since  it  is  i.mnedir.te  that  Vp  is  a  convex  extremal  subset  of  P,  we 
have  tho  following  corollary  of  Lemma  4.1. 

Corollary  4.2.  The  I'FIl  distribution  ”  is  an  extreme  point  of  the  DFR 
class  if  and  only  if  either  (i)  F  is  degenerate  at  0,  or  (ii)  F(0)  ■  0 
and  {t:  r'(t)  exists,  a  s  t  s  b,  and  r’(t)  >  -  6.'  has  nonzero 
measure  for  all  0  <  a  <  b  and  4  >  0. 

To  show  that  V^  is  an  extremal  subset  of  V  we  need  the  following 
leimna.  Let  r,  r^,  and  r2  be  the  failure  rates  of  F,  Fj,  and  F2* 
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Lemma  4.3.  Let  F  =  pF^  +  (l-p)F2  for  some  p  e  (0,1)  and  Fj,  F^  e  V. 
Let  r  be  continuous  at  t.  Then  and  are  continuous. 

Proof.  Assume  that  either  rj^  or  r2  is  not  continuous  at  t.  We 
show  that  this  contradicts  the  coiiuinult)  of  r  at  't. 

Since  r^  and  r2  aro  decreasing  and  F^  and  F2  are  continuous  on  (0,«), 

then 

r  (t+)  =  CF(t)]"^Cprj(t+)Fj(t)  +  (1-p)  r2  (t+)F2(t)] 

<CF(t)3“^[prj(t-)Fi(t)  ♦  (1-p)  r2  (t-)F2(t)3  «  r(t-), 

which  contradicts  the  continuity  of  r  at  t.  | | 

It  is  clear  from  Lemma  4.3  that  is  an  extremal  subset  of  P.  Also 
a  straightforward  argument  similar  to  that  in  .the  proof  of  Lemma  4.3 
shows  that  P^  is  convex.  Hence  we  obtain  the  following  corollary  of 
Lemma  4.1. 

Corollary  4.4.  The  set  of  extreme  points  of  Pg  is  E  n  Pg. 

Remark  4.5.  Let  P^  =  (FcP:  rp  is  absolutely  continuous  on  every 
closed  interval  contained  in  (O,*)}.  It  can  be  shown  that  P^  is  also  a 
convex  extremal  subset  of  P,  and  consequently  that  ext  P^  «*  E  n  D^. 

We  conclude  this  section  with  the  following  representation  theorem 
for  the  DFR  class. 

Theorem  4.S.  The  life  distribution  F  is  DFR  if  and  only  if  F  may 
be  represented  as  a  mixture  of  distributions  in  ext  Pp.  Further  ext  Pp 
is  the  smallest  set  with  the  property  that  every  DFR  may  be  represented 
as  a  mixture  of  its  elements. 

Proof .  Let  F  c  Pp.  Then  F  c  P  and,  therefore,  by  the  result  statea 
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in  the  next  to  the  last  paragraph  of  Section  2,  we  have  that 

*  /G(t)  Up(dG)  for  all  t  c  [O,*],  where  Pp  is  a  probability  measure 
such  that  Up(£)  =  1.  Since  F(*»-)  =  1  by  the  Bounded  Convergence  Theorem, 
1  »  /g(«-)  Pp(dG).  Hence  Pp(EnOp)  .  Pp{GcE:G(»-)  »  1}  »  1.  Since 

“  E  n  Op  by  Corollary  4.2,  the  conclusion  of  the  first  part  of 
Theorem  4.5  follows.  The  second  part  of  Theorem  4.5  is  an  imnediate 
consequence  of  the  definition  of  an  extreme  point.  || 


14 


REFERENCES 


1.  Barlow,  R.  E.  and  Proschan,  F.  (1975).  Statistical  Theory  of 

Reliability  and  Life  Testing;  Probability  Models.  Holt, 
Rinehart  and  Winston,  ^nc.  New  York. 

2.  Breiman,  Leo  (1968).  Probability.  Addison-Wesley  Publishing 

Company,  Reading  Massachusetts. 

3.  Phelps,  R.  R.  (1966).  Lectures  on  Choquet's  Theorem.  Van  Nostrand 

Co.  Inc.,  Toronto. 

4.  Proschan,  F.  (1963).  Theoretical  explanation  of  observed  decreasing 

failure  rate.  Technometrics  5  375-383. 


r 


_ UNCLASSIFIED _ 

•  Clasr.ifTcation  of  this  Page 


REPORT  DOCUMENTATION  PACE 


1 .  REPORT  NUMBERS 

•  3L’  No.  M184-R 

AFC3R  No.  78-5-R 

2.  GOVT.  ACCESSION  NO. 

3.  RECIPIENT'S  CATALOG  NUMBER 

< .  TITLE 

The  Extreme  Points  ol 
Failure  Rate  Distribi 

:  the  Set  of  Decreasing 

5 .  Tl'PE  OF  REPORT  8  PERIOD  COVERED 
^  Technical  Report 

6.  PERFORMING  ORG.  REPORT  NUMBER 

FSU  Statistics  Report  Ni484-R 

/.  /.’jr.;oR(s) 

■v'aftali  A.  Lan^berg  Ramdn  V.  Ledn 

.  .  •  ■  Fran!;  Proschan 

8.  CONTRACT  OR  GRANT  NUMBER(s) 

AFO";  No.  78-i::-3 

NSF  No.  MCS-7904698 

.  1  :b!F0Rpi:NG  OP.GANIZATICfi  NVJ>IE  §  ADDRESS 

The  Florida  State  University 

Department  of  Statistics 

Tallalisssee,  Florida  32306 

10.  PROGRAM  ELEMENT,  PROJECT, 

TASK  AREA  AND  WORK  UNIT  NOS. 

1 .  (  OilTROLLING  OFFICE  N/ 

U.5.  /d.r  Force 

Air  Force  Office  of  5 
Soiling  Air  Force  Ba: 

8  ADDRESS 

12.  REPORT  DATE 

August,  1979 

>ci6i*Xi.iic  iNcse&rcn 

;e,  D.C.  20332 

13.  NUMBER  OF  PAGES 

14 

14.  MONITORING  AGENCY  NA^ 
(if  different,  from  Cc 

IE  t»  ADDRESS 
mtrolling  Office) 

15.  SECURITY  CLASS  (of  this  report) 

Unclassified 

ISa.  CECLASSIFICATION/DOWNGRADING 
^  SCHEDULE 

lb.  OICVRThiri’K"'  SlATtiiNT  (of  this  Report) 

/.pprcvcd  for  public  release:  distribution  unlimited. 


17.  DlSTlUr LTflO?;  S'lA  "H>iC!!T  (of  the  abstract,  if  different  from  Report) 
VfT  ■  ■  Sur?L£|.iENTARY  WO,i:S 


ir .  KEY  WORDS 

Decreasing  failure  rate,  convex  set,  extreme  points,  Choquet's Theorem,  mixture,  hazard 
function,  failure  rate,  reliability. 

2(1  "/^JCTRaCT 

Since  the  class  of  extended  decreasing  failure  rate  (EDFR)  life  distributions 
(i.e.,  distributions  with  support  in  [0,  »])  is  compact  and  convex,  it  follows  from 
•  '!hoquet's  Theorem  that  every  EDFR  life  distribution  can  be  represented  as  a  mixture 
of  extreme  points  of  the  EDFR  class.  We  identify  the  extreme  points  of  this  class  and 
of  the  standard  class  of  decreasing  failure  rate  (DFR)  life  distributions.  Further,  we 
show  that  even  though  the  convex  class  of  DFR  life  distributions  is  not  compact,  every 
DFR  life  distribution  can  be  represented  as  a  mixture  of  extreme  points  of  the  DFR  class. 


